Abstract. We investigate a binary mixture of bosonic atoms loaded into a statedependent honeycomb lattice. For this system, the emergence of a so-called twistedsuperfluid ground state was experimentally observed in [Soltan-Panahi et al., Nat. Phys. 8, 71 (2012)]. Theoretically, the origin of this effect is not understood. We perform numerical simulations of an extended Bose-Hubbard model adapted to the experimental parameters employing the Multi-Layer Multi-Configuration TimeDependent Hartree method for Bosons. Our results confirm the overall applicability of mean-field theory within the relevant parameter range. Beyond this, we provide a detailed analysis of correlation effects correcting the mean-field result. These have the potential to induce asymmetries in single shot time-of-flight measurements, but we find no indication of the patterns characteristic of the twisted superfluid. We comment on the restrictions of our model and possible extensions.
Introduction
The experimental realization of Bose-Einstein condensates (BECs) in dilute gases of alkali atoms in 1995 [1] [2] [3] has triggered extensive studies on ultracold atomic systems. Present day experimental techniques allow for highly precise control of ultracold atomic ensembles, including an almost perfect decoupling from the environment as well as a free design of the confining potential landscape [4, 5] and even tunability of the interatom interactions, via Feshbach [6] [7] [8] and confinement induced resonances [9] [10] [11] [12] [13] . This exceptional degree of controllability suggests to use ultracold atom systems for the purpose of quantum simulation. Phenomena to be potentially simulated with ultracold atoms in the laboratory come from fields as diverse as cosmology [14] [15] [16] [17] or strongly correlated condensed matter systems [18] [19] [20] [21] [22] , to name only a few. Importantly, internal (such as spin) degrees of freedom of the system to be simulated can be mimicked using different species of atoms. Such multi-species ultracold ensembles, including BoseBose [23, 24] , Fermi-Fermi [25, 26] and even Bose-Fermi mixtures [27] [28] [29] [30] [31] , have been extensively studied.
Among the various observations made in ultracold atomic mixtures, an intriguing observation of the so-called twisted superfluid (TSF) state is reported for a twocomponent bosonic mixture loaded into a state-dependent honeycomb lattice (SDHL) [32] . Experimentally, it is found that for a range of parameters of the SDHL potential the ground state of the binary atomic system has unusual properties, setting it apart from an ordinary superfluid phase. In such a lattice geometry, for a single spin state, the freespace momentum distribution displays a six-fold rotational symmetry in the first order Bragg peaks observed after time-of-flight. For a mixture of two spin states, two features characteristic for the TSF phase are observed in the quasi-momentum distribution:
(P1) A reduced three-fold symmetry is observed for each spin state, appearing as an alternating pattern in the first-order momentum peaks. The six first order Bragg peaks can thus be grouped in two sets, each forming an equilateral triangle.
(P2) It is furthermore observed that the two spin state show a complementary momentum distribution, populating different triangles. The six-fold symmetry expected for the lattice geometry is then restored in the summed momentum distribution of the two spin states.
Theoretically, the mechanism driving the emergence of such a TSF state is unclear. A recent mean-field study [33] did not find signatures of the type (P1) or (P2), speculating at the same time about the relevance of beyond mean-field effects. In this work, we aim to clarify this point by performing full many-body quantum simulations of an extended Bose-Hubbard model beyond the mean-field approximation to investigate the ground state of binary bosonic mixtures in the SDHL, looking in particular for the above TSF signatures. Our investigation shows that in the small lattice depth regime, where the emergence of TSF was found in the experiment [32] , the system is indeed well described by mean-field theory. Correcting the mean-field approximation, we observe inter-species quantum correlations with a weak but finite amplitude. We demonstrate that these correlations can modify the population distribution of the first order Bragg peaks in free-momentum space, however our findings do not confirm the presence of properties (P1) and (P2). These results indicate that within the lowest band extended Bose-Hubbard model the twisted superfluid effect cannot be ascribed to quantum correlation effects beyond mean-field. The main limitations of our analysis are the restriction to the lowest Bloch band and the finite domain size of the numerical simulations. Also higher order tunneling processes such as the density-induced tunneling [34] that are not contained in our Bose-Hubbard Hamiltonian might play a role.
The paper is organized as follows: in chapter 2 we briefly describe the experimental setup and the Hamiltonian corresponding to our theoretical model. The numerical method Multi-Layer Multi-Configuration Time-Dependent Hartree method for Bosons (ML-MCTDHB) is introduced in chapter 3. In chapter 4 we present the results of the simulations, and a summary as well as a discussion is given in chapter 5.
Setup
In the experiment [32] , the ground state properties of binary bosonic mixtures loaded into a two-dimensional SDHL are investigated. The atomic samples consist of 87 Rb atoms in different spin states |F, m F from the hyperfine manifolds F = 1, 2 with Zeeman sublevels m F . The atoms experience a state-dependent potential generated by the intersection of three coplanar linearly polarized laser beams at an angle of 120
• , with the polarization of each laser beam lying in the intersection plane. The quantization axis of the system is defined by a homogeneous magnetic field. Orientating the magnetic field perpendicular to the lattice plane results in alternating circular polarization on lattice sites and thereby gives the following SDHL potential [34] :
where V 0 and λ denote the lattice depth and laser wavelength, respectively. The
) span the reciprocal Bravais lattice while
The weight of the state-dependent term is given by the dimensionless constant η = 0.13 for the experimental values [34] . In the third spatial dimension, the atomic motion is frozen by a deep one-dimensional lattice, creating effectively a stack of planar samples taken to be fully decoupled from each other.
In the following we will focus on a bosonic mixture of the two spin states |1, 1 and |1, −1 , denoted as ↑ and ↓ spins, for which the emergence of the TSF phase has been observed experimentally [32] . As shown for the ↑ species in figure 1(a) , the SDHL features a non-trivial unit cell of two, in general, inequivalent sites referred to as A and B: While the A/B sites correspond to deep/shallow sites for the ↑ species, they exactly interchange their roles for the ↓ species. We introduce a = λ denoting the distance between a neighboring A − B pair. In our work, the numerical simulations are based on an extended Bose-Hubbard (BH) model for the binary bosonic mixture in the SDHL. The construction of this extended Bose-Hubbard model is optimized in the sense that the amplitudes of leadingorder neglected processes (for instance the density-induced tunneling) are minimized by the choice of optimal Wannier functions [34] . This optimization process gives rise to a single-band ‡ BH model, in which only one Wannier function is assigned to each site, while higher-band states are solely used for constructing these optimized Wannier functions [34] . The resulting extended BH Hamiltonian contains not only the conventional terms, i.e. site offset energies, nearest-neighbor (NN) hopping and on-site interactions, but also next-to-nearest-neighbor (NNN) tunneling and NN interactions. The corresponding BH Hamiltonian reads:
In the Hamiltonian,â
i,σ denotes the annihilation (creation) operator of one boson of species σ ∈ {↑, ↓} at site i, and i, j ( i, j ) indicates the summation over all the NN ‡ Our approximation can equivalently be viewed as an extended two-band BH model if one regards the unit cells (A/B double wells) as elementary sites. Figure 2 . Parameters of the extended BH model as a function of the lattice depth, calculated according to [34] for the setup of the experiment [32] .
(NNN) pairs. The first three terms of the Hamiltonian in equation (2) are the on-site energy, NN hopping and NNN hopping terms, respectively, and the following two terms are the intra-species on-site and NN interactions. The last two terms describe the interspecies on-site and NN interactions. Depending on the i-th site being deep or shallow for the σ species, the on-site energy ε(i, σ) vanishes for deep sites and assumes a value of ε for shallow sites, and the NNN hopping matrix element J 2 (i, σ) becomes J 2,d or J 2,s , respectively. Similarly, there are two in general different values U d and U s for the intraspecies on-site interaction strength U(i, σ). The NN inter-species interaction W 1 (i) takes the values W 1,d (neighboring atoms in their respective deep sites) and W 1,s (neighboring atoms in their respective shallow sites). The NN hopping matrix element J 1 , the NN intra-species interaction strength U 1 and the on-site inter-species interaction strength W are, however, site-and spin-independent. In the calculation of the amplitudes for the interaction processes, the intra-and inter-species scattering lengths are taken to be equal. Figure 2 shows the parameter values we work with as a function of the lattice depth V 0 .
Before turning to the many-body problem, let us briefly review the single particle properties of this system. The two species share the same single particle band structure, consisting of two branches as shown in figure 3 . In contrast to what is found for a standard graphene-type honeycomb lattice, a gap between the two branches is opened due to the energy offset between A and B sites.
In our numerical simulations, we are limited to finite system sizes. The truncation domains we focus on here are a single (1 × 1) unit cell and 2 × 2 unit cells (cf. figure  1(b) ), although we have also tried larger domains where however convergence is hard to ensure. For all truncation schemes, periodic boundary conditions are imposed. This results in an enhancement of the NN hopping strength J 1 by a factor of three for the 1×1 truncation compensating the reduced coordination number. In principle, the reduction of the coordination number can affect also the NN interaction processes, which, however, turn out to be negligibly small and are therefore not renormalized. Furthermore, we
Figure 3. The single particle eigenenergy as a function of quasi-momenta for both the ↑ and ↓ bosons, calculated at V 0 = 1.5E R . The left and right panels correspond to the lower and upper branch, respectively. remark that the NNN hopping term is neglected when truncating to a single unit cell or 2×2 unit cells to avoid an artificial hopping from one site to itself. Finally, truncations in real space necessarily imply a corresponding discrete sampling of the continuous quasimomentum space. In figure 4 we illustrate the sets of discrete quasi-momenta captured by our different real space truncation schemes.
Method
In this work, we apply ML-MCTDHB [35, 36] which is a highly flexible ab initio method for solving the time-dependent many-body Schrödinger equation for bosonic systems and in particular bosonic mixtures. The method is based on expanding the total wave function with respect to a time-dependent variationally optimized basis, which allows to capture the important correlation effects using a numerically feasible basis size. We employ imaginary time propagation in order to find the ground state of the binary mixture in the SDHL potential by means of ML-MCTDHB. The power and flexibility of ML-MCTDHB mainly lies in the multi-layer ansatz for the total wave function. Going through this layer by layer, the total wavefunction is first expanded as
where the time-dependent basis for the σ species {|ψ
consists of the so-called species-layer single particle functions (SPFs). These species layer SPFs are bosonic many-body states and as such expanded as
Here |n; t σ denotes the bosonic number state obtained by populating the timedependent particle layer SPFs {|ϕ σ j (t) }| m j=1 according to the occupation numbers n = (n 1 , n 2 , ..., n m ) and the sum runs over all occupation numbers that add up to the number of σ bosons. In this work, we are only interested in balanced mixtures of N bosons per species. Finally, the particle layer SPFs, which constitute the instantaneous truncated basis within the single particle Hilbert space, are expanded in terms of the static Wannier states
where |l σ denotes the Wannier state of species σ in the l-th site of the SDHL lattice, as defined in Appendix A. In this recursive way the expansion coefficients {A i,j , B σ i;n , C σ i;j } determine the total wave function, and their time evolution is governed by equations of motion [35, 36] obtained from a time-dependent variational principle [37, 38] , which ensures the optimal choice of the SPF basis on all layers. Applying imaginary time propagation we thus obtain the expansion coefficients for the ground state of the bosonic mixture.
The numerical control parameters of the above expansions are the numbers M and m of species and particle layer SPFs of each species. Due to the symmetry between the two species, these numbers are taken to be independent of σ. In the limit of M = m = 1, the ML-MCTDHB expansion reduces to the mean-field ansatz, while the calculation becomes numerically exact for m equal to the number of lattice sites and
Summarizing, for a given system size we have to ensure that our simulations are converged with respect to the numbers of basis functions (M, m) such that all relevant correlations are captured.
Results
Having determined the ground state many-body wave function |Ψ with the ML-MCTDHB method, we need to establish a link to time-of-flight measurements. Assuming that interactions do not play any role during the expansion of the binary Bose mixture, an ideal single shot absorption measurement after long time-of-flight effectively means to measure destructively the joint (N ↓ , N ↑ )-particle free-space momentum distribution before the expansion [6] . In the following, we will focus on the first order Bragg peaks in the time-of-flight images: As indicated in figure 4, we group these six free-space momenta into two classes, namely the set of momenta in the triangle pointing to the right (left) denoted by
In Appendix A, we show that all elements of ⊲ (⊳) are equivalent within our two-band approximation. Therefore, we may single out two representatives named r ∈ ⊲ and l ∈ ⊳. Moreover, we denote the zero free-space momentum as k 0 .
In the following, we will first discuss our findings for the experimental parameters of [32] , in order to quantify how well this system is described by a mean-field approach. Afterwards, we will consider potentially relevant inter-species correlation effects, complementing the discussion of the experiment itself with some results for detuning energies between the shallow and deep lattice sites which are smaller than the experimentally implemented ones.
In both considerations, we find that the reduced one-body free-space momentum density of the species σ, ρ
denoting the annihilation operator of a free space momentum state k, does not feature TSF properties. In fact, we have not found any numerical hints that the ground state |Ψ might be degenerate. Therefore, |Ψ features both a spin exchange and a six-fold rotation symmetry implying ρ ↓ 1 (q) = ρ ↑ 1 (q) with q ∈ {r, l} as well as ρ σ 1 (r) = ρ σ 1 (l) meaning that the average of species-selective histograms of (N ↓ , N ↑ )-particle measurements over many shots does not give any TSF signatures.
Ground state properties in the parameter regime of the experiment
In this section we focus on the parameter values at which the experiment was performed. As explained above, numerical simulations have been performed for different lattice truncations. For each of these, the lattice depth was varied from weak to strong. In the 1 × 1 truncation, we consider 3 ↑ and 3 ↓ bosons, corresponding to a filling factor of 3 per unit cell for each species. For the 2 × 2 truncation, we consider a filling factor per unit cell being equal to unity for each species. Larger filling factors are computationally prohibitive for the 2 × 2 due to the slow convergence with respect to the number of SPFs on both layers as discussed in section 4.2. We start by discussing our results for the one-body density in position space. In figure 5 we present the population of ↑ bosons in their corresponding deep sites, ρ A (↑), as a function of the optical lattice depth. Due to the spin symmetry, the population of ↓ bosons is given by ρ A (↑) = ρ B (↓), while the σ species occupations at sites A and B add up to unity: ρ A (σ) + ρ B (σ) = 1. It can be seen that the ↑ bosons already show a tendency to localize in the A sites in the weak lattice depth regime, and the localization becomes stronger as the lattice depth increases, following the increase of the state-dependent on-site energy offset ε. As the ↓ bosons show the same tendency to be localized in their deep sites, i.e. the B sites, the spatial overlap between ↑ and ↓ bosons becomes vanishingly small for large V0. As a consequence, increasing V 0 leads to a suppression of inter-species correlations, as will be discussed below.
To quantify how close the system is to a mean-field state, we further calculate so-called depletions for various subsystems: Firstly focussing on a σ boson, the corresponding reduced one-body density operator is given by the partial trace of the total system state over all atoms but a single one of spin σ:ρ σ 1 = Tr σ;part |Ψ Ψ|. Denoting the largest eigenvalue ofρ σ 1 as λ σ p , the depletion of a σ atom is defined as d σ = 1 − λ σ p , which turns out to be independent of σ due to the spin-exchange symmetry, d σ ≡ d. According to [39] , d measures the degree of condensation of the σ bosons: d close to zero implies that intra-species correlations are negligible, i.e. all the σ bosons essentially occupy the same single particle state. In this way, d ≈ 0 means that a mean-field ansatz for the state of the σ species is applicable, i.e. that one may set m = 1 in the wave function ansatz (3, 4) . Conversely, a significant value of d (< 1) indicates strong correlations between a σ boson and all the other atoms.
This concept can be transferred to the whole σ species whose reduced density operator is given by the partial trace of the total system state over the atoms of opposite spin:ρ σ spec = Tr σ;spec |Ψ Ψ|. With λ σ s as its largest eigenvalue, we similarly define the depletion on the species layer as D = 1 − λ σ s (which is again independent of the σ). This depletion measures how strongly the total state deviates from a single tensor product of a pure state for the ↑ species and a pure state for the ↓ species. For D = 0, this factorization holds exactly implying the validity of a mean-field ansatz (M = 1) on the species layer (3). Significant values of D (< 1) imply the presence of inter-species correlations resulting in a non-factorizable total wave function. We remark that the depletions d and D measure correlations in the system basis-independently. Figure 6 shows the numerically obtained depletions D and d for our different spatial truncation schemes. Throughout, we find that the depletion D is very weak (below one percent) for all lattice depths considered, decreasing further for increasing V 0 . This latter trend is in agreement with the above discussion of the inter-species correlations (which are small throughout) being further suppressed due to a spatial separation of the ↑ and ↓ bosons. Turning to the depletion d, we find a qualitative difference between the 1 × 1 and 2 × 2 truncation schemes. While in the effectively one-dimensional 1 × 1 simulations, d is on the level of per mil or below, it assumes larger values in the 2 × 2 setup, starting from few percent for low V 0 and going up to around 0.5 for the largest lattice depth we consider, indicating fragmentation of the system on the level of a single species for deep lattices. This finding is consistent with approaching a Mott insulator phase for increasing V 0 , with the bosons of a species fully localizing in their respective deep sites. In the simulation with a single unit cell the fragmentation accompanying the localization cannot be captured since only a single deep site is available for each species. Overall, we observe that in the regime of small V 0 (where in the experiment the TSF was observed) there is no numerical evidence of sizable depletions. This indicates that a mean-field treatment of the system is indeed expected to give appropriate lowest order results, to which then quantum corrections apply. In the following we will turn to a detailed inspection of these beyond mean-field corrections, and their possible relation to the TSF signatures.
Interspecies correlation effects
In this section, we investigate inter-species correlation effects that potentially could give rise to properties characteristic for the TSF. From the discussion in the previous section it is generally expected that such correlations are small for the experimental parameter values of [32] , but we will illustrate that they are enhanced in other regions of the parameter space.
One of the simplest quantities which may be sensitive to beyond mean-field signatures of the TSF properties is the inter-species free-space momentum g 2 -correlation function:
We note the spin exchange symmetry g
2 (q 1 , q 2 ) as well as the rotation symmetry g
2 (q 1 , q 2 ) equals unity in the meanfield approximation, correlations can result in inter-species bunching (g
2 (q 1 , q 2 ) < 1), which indicates that the spin exchange or six-fold rotation symmetry is stochastically violated in a correlated manner when detecting two bosons of opposite spin: If for instance g ↓,↑ 2 (r, r) turns out to be larger than unity, we may conclude that, given one spin ↑ boson has been destructively detected in one triangle, the probability for subsequently detecting a spin ↓ boson in the very same triangle is enhanced compared to statistical independence. Moreover, we compare these correlations by introducing:
Finding δg ↓,↑ 2 < 0 could consequently be interpreted as a manifestation of (P2) (see introduction) on the level of two-body measurements, i.e. that two bosons of different spin are more likely to be found in different triangles than in the same one. 
(b) Figure 7 . Inter-species correlation difference δg ↓↑ 2 as a function of lattice depth, for (a) the experimental value of the energy offset as shown in figure 2 and (b) the by one recoil energy reduced ε * . In the upper panel, the blue and red lines are for 1 × 1 and 2 × 2 truncations, respectively, with the corresponding (M, m) given in the legend. In the lower panel, results for 2 × 2 truncation with different (M, m) are also given. The insets in both panels depict g ↓,↑ 2 (q 2 , q 1 ) with q 2 = q 1 (solid line) and q 2 = q 1 (dashed line).
quantities for the experimental parameters, which as expected are small since the system is in the mean field regime. For the sake of illustration, we have also included results for the on-site energy detuning ε * = ε−E R , which is reduced by one recoil energy compared to the value of the experiment [32] while all other parameters in the Hamiltonian are kept fixed. It can be observed that the inter-species correlations are enhanced for the reduced detuning ε * in comparison to the results for ε. Understandably, reducing the energy difference between the species-dependent deep and shallow sites reduces the bosons' tendency to separate into the sublattices. In turn, the inter-species spatial overlap is larger, enabling the emergence of correlations. Enhancement of the correlations is also observed when increasing the inter-species interaction (results not shown).
Notably, the values of both |δg ↓↑ 2 | and |g ↓,↑ 2 (q 1 , q 2 ) − 1| are largest for the single unit cell truncation where the simulated system is effectively one-dimensional, while they tend to decrease when going to larger truncation sizes where the true two-dimensional structure of the extended lattice is correctly taken into account. The magnitude of correlations is reduced for larger truncation sizes as more energetically favourable states are included in the discrete sampling of the quasi-momentum space: As shown in Appendix B, a non-vanishing δg
requires a finite coherence between the single particle ground and highest excited state within the single band approximation. If now energetically lower lying states become available when increasing the truncation size, atoms generically tend to occupy these states and thereby reduce the inter-branch coherences related to δg ↓,↑ 2 . Importantly, for the two different values of the energy offset, we only observe positive values of δg ↓↑ 2 , indicating that due to inter-species correlations one ↑ and one ↓ boson slightly tend to concentrate in the same triangle, in contrast to (P2). Thus, even if the weak inter-species correlations of this kind are taken into consideration (and as we have seen they may become more relevant in regions of the parameter space away from the experimental values) we find no hint that they can cause the emergence of a (P2) signature.
We furthermore remark that the correlation measure δg
converges slowly with the number of SPFs: It can be inferred from figure 7 that one has to provide as many particle layer SPFs as there are sites, which corresponds to the numerically exact limit with respect to the particle layer basis and stems from the fact that coherences between the energetically most separated single particle eigenstates must be resolved for having δg ↓,↑ 2 non-vanishing (cf. Appendix B).
So far, we have only discussed two-body correlation properties. In some situations, however, it can be difficult to generalize the results for two-body observables to N particle measurements (cf. e.g. the discussion [40] [41] [42] [43] ). For this reasons, we evaluate here the joint probability distribution for detecting n σ 0 , n σ ⊳ , n σ ⊲ bosons of spin σ at zero free-space momentum, in ⊳, in ⊲, respectively:
Restricting ourselves to the 1 × 1 truncation and bearing in mind that the states within ⊳ (⊲) are equivalent within the lowest band approximation (cf. Appendix A), this probability distribution is given by: In figure 8 , the probability distribution P (n
is depicted for the reduced energy offset ε * and V 0 = 1E R as well as V 0 = 4.5E R . We clearly see that detection events with two or three bosons per species in k 0 dominate in probability for the shallow lattice while for the deep lattice the probability is largest for detecting one σ boson in k 0 , another one in ⊳ and the third one in ⊲. Moreover, we observe for the deep lattice that the four combinations of finding two ↑ and two ↓ bosons in k 0 and the remaining ↑ and ↓ boson in ⊳ / ⊲ are of the same probability indicating the absence of inter-species two-body correlations, i.e. g
↓,↑
2 (q 1 , q 2 ) ≈ 1 for q i ∈ {r, l}. In contrast to this, the presence of inter-species correlations can be witnessed for the shallow lattice: The largest probability P (2, 1, 0; 2, 1, 0) = P (2, 0, 1; 2, 0, 1) relates to detecting two bosons per species in k 0 and the remaining two bosons of opposite spin in the very same triangle, which is consistent with δg ↓↑ 2 > 0 indicating the bunching of bosons of opposite spin in the same triangle. Therefore, also the joint probability distribution gives a slight inter-species bunching effect opposite to (P2). In view of (P1), we have also considered the marginal probability distribution of finding n ↑ 0 , n ↑ ⊳ , n ↑ ⊲ bosons of spin ↑ at zero free-space momentum, in ⊳, in ⊲ -irrespectively of the state in which the ↓ bosons are found (plot not shown). Both this marginal probability distribution and the full probability distribution indicate that the first order Bragg peak triangles are most likely either unoccupied or occupied by a single boson. This finding can in principle be related to an asymmetric occupation of the triangles within one species, i.e. (P1). However, we cannot prove this tendency as this would require to consider more than three bosons per species, i.e. going at least to the 2 × 2 truncation.
Conclusions and discussion
We have studied the ground state properties of a binary bosonic mixture confined in a state-dependent honeycomb lattice for different values of the lattice depth. Our results show that in the parameter regime related to the experimental setup in [32] , the system can be relatively well described by a mean-field approximation, and only small corrections in the form of inter-species quantum correlations are observed. No indications of a ground state degeneracy are found. We study possible relations of the correlation effects beyond mean-field to potential signatures of the TSF and find that the correlations can indeed modify the population of the first order Bragg peaks after time-of-flight. The specific properties characteristic of the twisted superfluid are however not observed in our simulations. Our results imply that the emergence of the twisted superfluid cannot be explained by taking into account quantum corrections within the lowest-band extended Bose-Hubbard Hamiltonian. The most severe restrictions of our investigations are the finite system size, limiting us to a regime far away from an infinitely extended lattice. This truncation in real space implies a discrete selection of quasi-momenta as illustrated in figure 4 , which does not capture the long wavelength excitations of the system. Given the slow convergence of the correlation properties with respect to the number of basis functions (M, m), going to larger system sizes is computationally prohibitive. Furthermore, our model Hamiltonian neglects higher band effects whose importance for the twisted superfluid effect therefore remains as an open question. One may also speculate that neglected processes in the lowest-band extended BH model, such as the density-induced tunneling or pair tunneling terms, may be of importance in the emergence of the twisted superfluid.
Here, R = n 1 R 1 + n 2 R 2 with n 1 , n 2 ∈ Z refers to a site of the A sublattice, and the Bravais vectors of this hexagonal lattice are given by R 1 = λ(
) and R 2 = λ(0, 2 3 ).
The relative distance between an A and a B site within a unit cell reads r = λ(−
), with norm |r| = a. We note the relation between the Bravais and the reciprocal lattice vectors R i · b j = 2πδ ij for i = 1, 2.
Projecting the Wannier basis onto free-space momentum states, i.e. plane waves x|k ∝ exp(ikx), provides the following matrix for the transformation from the Wannier to the free-momentum basis:
where we have defined the Fourier transformation of w
We note that k|R σ,A and k|R σ,B feature a phase factor difference of exp(−ikr), due to the finite separation of A and B sites within the same unit cell. Relation (A.2) can be used for transforming the quasi-momentum states |Q σ,A/B (which we label with capital letters Q to distinguish them from free-space momentum states): where we have introduced the map Q that projects its argument vector into the first Brillouin zone, i.e. shifts it by an appropriate reciprocal lattice vector. Correspondingly, we have k|Q σ,B ∝ exp(−ikr)φ σ B (k)δ Q(k),Q . Using these relations together with the orthonormality and assumed completeness of the lowest band Bloch basis, we find the following representation of free momentum states in terms of the quasi-momentum basis: 6) where N is a normalization constant. In this expression, we have explicitly introduced the species index on the left hand side. We emphasize that the representation (A.6) is an identity only within the truncation to the lowest band and should be read as follows: |k σ is given by the expression on the right hand side plus a remainder which, however, is orthogonal to our truncated Hilbert space and as such can be neglected when evaluating the simulation results. In particular, we note that (A.6) is not in conflict with e.g. the orthogonality of free-space momentum states. Since the first order Bragg peaks in the long time-of-flight absorption measurements are particularly relevant in view of the TSF properties, we concretise the transformation (A.6) for these free-space momenta here. The Wannier functions w whereÑ denotes a normalization constant and the ≃ symbol has to be understood as in (A.6).
denote the annihilation operators of a σ boson in the single particle ground and highest excited state asψ σ,g andψ σ,e , respectively. Without loss of generality, we may write: is controlled by coherences in the inter-species reduced two-body density operator with respect to the single particle eigenstates of lowest and highest eigenenergy.
